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I. I n t r o d u c t i o n
1. Synopsis .—The elementary equations of a simple flood wave 
in a wide, rectangular channel, are developed and discussed in this 
study. I t  is assumed that as the wave is propagated down stream 
it is not affected by flow in tributaries nor by changing channel 
conditions, including roughness, slope, and shape of conduit. The 
equations discussed include the profile of backwater curves, the 
profile of the roll wave with unchanging front, the velocity of the 
flood wave in general, and the velocity and profile of the rising 
flood wave with fixed maximum stage.
Tests in a laboratory flume 52 ft. long, 8 in. wide, and 19 in. 
deep showed that the velocity of a wave near its genesis closely 
approximated the velocity of J. Scott Russell’s “wave of trans­
lation.”
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3. Terminology.—Steady flow exists in a conduit when the same 
volume of water passes each section per unit of time and the flow 
a t any chosen section does not vary with the time.
Uniform flow is th a t particular case of steady flow for which the 
slope of the water surface is the same as the slope of the channel 
bed. In uniform flow all transverse sections of conduit have the 
same area and shape and these do not vary with the time.
A simple flood wave is a long, positive wave superposed upon a 
river initially in a state of steady flow. During the progression 
of the wave the river is in flood condition. When the maximum 
stage has been reached a t a given station, the water level subsides 
slowly, and after some time the river is again in its initial state. 
During the wave movement the area of the transverse section a t 
the gaging station varies with time, as does also the mean velocity 
of flow in th a t section.
The following symbols are used frequently throughout this 
paper.
h =  depth of the water flowing in the channel. The depth 
is equivalent to the hydraulic radius if the channel is 
wide in comparison to its depth, and it is numerically 
equal to cross-sectional area per unit width of channel.
K  — a coefficient determined by the roughness of the chan­
nel.
p  =  pressure a t any point in the liquid; usually p  represents 
the pressure a t the bed of the channel.
q =  rate of discharge per unit width of conduit.
p =  density of liquid.
S =  slope of channel bed.
S' =  the neutral slope which is just sufficient to overcome 
channel friction and maintain uniform flow.
t =  time in seconds.
u =  velocity of flow, assumed to be uniform and normal to a 
transverse section.
x =  the abscissa of a point measured along the channel bed 
from some fixed point X o .  The /¿-axis is normal to the 
x-axis and passes through the point X o .
4. Assumptions.—
(a) The Equation of Continuity
I t  is assumed th a t water flows along the channel in a compact
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manner free from appreciable breaks on the surface and appreci­
able voids in the volume mass. This leads us to the equation of 
continuity which, for steady flow, states th a t the same quantity 
of water is passing each cross-section of the stream in a unit of 
time. This is equivalent to the equation
Aim =  A 2U2 (1)
where Ai, A 2 represent the cross-sectional areas a t sections 1 and
2 , and u\, U2 represent the corresponding average velocities a t  
those sections.
The equation of continuity for unsteady flow states th a t in a 
given interval of time the difference between inflow to and out­
flow from a given reach of conduit is equal to the change in storage 
in the reach.
h
Change in storage =
( y t 'd t  )dx N
11
, , / v / / L _ { . * *  df
lnflovi/-Q>dt>
-  -* > — ».
Outflow* (q + jf-dx) i t
©
F i g . 1. B a s is  f o r  E q u a t i o n  o f  C o n t i n u i t y
Let Fig. 1 represent a reach of conduit whose width is unity and 
whose length is dx. The rate of inflow is q, cu. ft. per sec., and in 
a short time interval dt, sec., the total volume of inflow is q . dt,
cu. ft. The rate of outflow is (q -f- • dx), cu. ft. per sec., and
the total volume of outflow in the time interval dt, is (0 - 4-  — dx) dt.
' 5x
In the same time interval the elevation of the water surface in
the reach, dx in length, has changed an amount equal to dt)dt
ft., and the corresponding change in storage in the reach is 
(— d t . dx) cu. ft. Equating the change in storage to the difference 
between inflow and outflow, dividing through by the common
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factor (dx . dt), and using proper algebraic signs, the equation of 
continuity becomes
I  +  l  =  ° <?>
If q =  hu, equation (2) may also be written
5h , ,8u , 6h „
«  + , , i i  +  “ E  =  0 ®
(b) The Equation of Motion
For a flood wave in a wide rectangular channel the usual equa­
tions of motion reduce to one equation. I t is assumed th a t the 
filaments of flow are to a first approximation parallel to the bed 
and sides of the channel.
Referring to Fig. 2 and choosing rectangular axes h and x, 
where the latter is measured along the bed of the channel, we take
8h
an element ABCD  with dimensions h, h -f- — dx, dx, and unity.
The rate of change of momentum of the element ABCD  in the 
^-direction is equivalent to the product of its mass and its rate  of 
change of velocity. Neglecting infinitesimals of a higher order 
than the first, the product of mass and acceleration is
Ph dx ^  (4)dt
wh'2The total liquid pressure on the face AB  is -g —, and neglecting
higher ordered infinitesimals the total pressure on the face CD  is
wh2 , , oh ,
— ^ wh — dx 
2 1 5x
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The difference of the two expressions gives the resultant force
— (5)
Introducing the symbols S and S' we may express the net force 
along the channel-bed acting on the element ABCD  as,
wh (S — S') dx (6 )
I t  has been found experimentally th a t the friction on the chan­
nel surface varies nearly as the square of the velocity and inversely 
as the mean depth, h,
K v 2
s ’ =  ^ r  (7)
Writing Chezy’s formula u =  Cy/KS' and solving for S',
o, _  u 2 
C 2h
we obtain the relation between the constants K  and C,
Substituting (7) in (6 ) and combining with (5) and (4) we now 
have,
p h d x ^ -  — —wh ^ .d x  -j- wh (S — dx (8)
Simplifying and substituting the relation ^  -j- u ~  we ob-
at ot ox
tain the equation of motion for a simple flood wave in the form,
8u , 8u 5h K u 2.
i r  +  “ te  +  9 5 _ ! ' ( S - - r ) (9)
5. Physical and Geometrical Concepts.—For steady flow the 
mean velocity, u, a t a transverse section is independent of the time 
and depends entirely on the location of th a t section as determined 
by the coordinate x.
For unsteady flow in a flood wave the velocity a t a fixed sec­
tion, x =  constant, does not remain constant and independent of 
time. However, a t a given instant ti, we can visualize the entire 
wave by an instantaneous “snap-shot” of the profile. A t any 
given instant as x varies both k and u vary as in the case of steady 
flow. When the flow is unsteady the mean velocity a t any given 
section depends on both the abscissa x and the time t.
Similarly, we can show th a t for unsteady flow, h, q, and p also 
depend on the two variables x and t.
The variables x and t are not entirely independent of each other, 
for if x varies so as to be always the abscissa of a transverse sec­
tion moving with the liquid, the derivative of x with respect to t 
is the mean velocity u:
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Let u be expressed as a function of two variables in the form,
This equation holds true for any choice of independent variables 
and furthermore, it  is valid when a functional relation exists be­
tween the two variables, x and t. Dividing (12) by dt and substi­
tuting Equation (10) we obtain
which is the total derivative of u with respect to t.
ÒVjIn Equation (13) the term — is the time rate of change of ve-Òt
locity u a t some fixed transverse section where x =  xi; the term
ÒU
— is the change in the velocity due to a variation in x along the
fixed profile obtained as a “snap-shot” a t the instant t =  tv, and
8u
the term u — is th a t part of the total derivative contributed by
the changing velocity of the element of fluid in its onward course. 
The total derivative, du/dt, is the time rate of change of velocity 
when both x and t vary so as to satisfy the relation u =  dx/dt.
Fig. 3 (a) shows the geometrical significance of Equation (13). 
Choose a point, P,  with coordinates t, x, and u, on the surface
u = f ( x ,  t) 
The total differential of u is
(11)
7 ÖU 7 I ÒU 7du =  — dx -4- — dt 8x 1 St (12)
du 8u , òu
dt òx U ht (13)
D
F i g .  3 . G e o m e t r i c a l  S i g n i f i c a n c e  o f  —  =  —  u  - t — —
dt 8x òt
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ABCDP.  Let the equation of this surface be u = f  (x, t), referred 
to three mutually perpendicular axes.- Represent the traces of the 
surface on the coordinate planes by the lines SCT, TDV, and V A S ; 
let the curve L M N  whose equation is x =  <j> (t) qualify a relation
between x and t such th a t u =  -n-; the mean velocity is now rep­
resented by either the slope of the tangent to the curve L M N ,  or 
the coordinate M P .
By passing a plane through P  parallel to the «¿-coordinate plane 
we obtain APB ,  as the curve of intersection with the given surface 
u =  /  (x, t). As P  moves along this curve x is fixed and u is a 
function of t alone; it  follows th a t the slope of the tangent to A P B
b%L
a t P,  is —, the partial derivative of u with respect to t. 
ot
In a similar manner the slope of the tangent to the curve C PD  
a t the point P  is the partial derivative of u with respect to x.
If we erect a cylindrical surface perpendicular to the xi-plane, 
through the curve L M N  which is defined by x =  </> (t), the cylinder 
will intersect the given surface, w = f  (x, t), in the curve EPF. The 
point P  m ust move so th a t it  is always on the curve EPF, since it
dxis only for points here th a t the relations x ~  4> (t) and u ~  ^  are 
satisfied.
The curve GHI in the tti-plane corresponds to the curve L M N  
in the zi-plane, and is obtained as the trace of a cylinder parallel 
to the oz-axis through EPF. The curve K H J  is the iii-trace of a 
cylinder through A P B  parallel to the ox-axis. These two traces 
in the Mi-plane intersect a t the point H .
Finally, the total derivative du/dt  a t the point P  is represented 
by the slope of the tangent line to the curve GHI a t the point II, 
just as the dx/dt, the total derivative of x with respect to t, was 
represented by the slope of the tangent to the curve L M N  a t  the 
point M.
Fig. 3 (b) shows an enlarged view of an element in the neighbor­
hood of P. Here PP1P2P3 is an elementary part of the surface 
u — f  (x, t). The curve PP2 is an element of the space curve EPF. 
The surface PP2P4 represents a small part of the surface of the 
projecting cylinder whose trace is the curve GHI. The rest of the 
diagram is self-explanatory.
In the foregoing discussion, Fig. 3 was used to interpret the dif­
ferent parts of Equation (13) in which the velocity, u, is a function
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of x and t. Since the depth of flow, In, the rate of discharge per 
unit width, q, and the bottom pressure, p are also functions of x 
and t for unsteady flow accompanying a flood wave, we may simi­
larly obtain the following equations by a simple change of nota­
tion:
8q_
St 
dp 
' s f
Sh 
St
We may interpret the last equation of (14) by means of a simple 
two-dimensional vector diagram as shown in Fig. 4. In a short 
interval of time, dt, consider a wave front to have moved forward 
without appreciable change in shape, from 1-1 to 2-2. In this in-
d q _Sq
dt òx
d p _bp
dt 5x 
dh Sh
dt Sx
u
u
u
(14)
Sh
St
terval of time a particle on the wave front has moved from A  to C. 
The displacement AC  is equal to the sum of the two vector dis­
placements AB  and EC. Let us restrict our attention to the ver­
tical component of this displacement, AC, which is equal to dh. 
In the time interval dt, the water surface a t station x rises from A
dh
to B, an amount which is represented by — dt. At station x also,St
Shthe slope of the water surface (negative) a t any instant, is The
horizontal component of the displacement of a point on the water 
surface is u ■ dt in the time interval under consideration, and its
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i h
vertical component is — dx. Adding vertical components of dis-OX
placement from A  to C with proper regard to sign, it is evident 
that
dh =  dx -(- dt (15)8x ' 5t
Dividing both sides by dt, we obtain
dh dh , 8h
dt ~ b x U ^ M  ( ^
This is the differential equation for the vertical component of ve­
locity of a particle A on a wave front.
II. So l u t io n s  o f  t h e  D i f f e r e n t i a l  E q u a t io n s
6 . Profiles and Stages.—
(a) Backwater Curves — Steady Flow
An interesting determination of the backwater function is ob­
tained from the equations of the simple flood wave. The channel 
is assumed to be wide and rectangular in section. Backwater is a 
case of steady flow, which, by definition, is equivalent to
hu =  q —  constant. (17)
Differentiating,
h ■ du —f- u ■ dh — 0 (18)
Since x is the only independent variable, Equation (9) becomes
K v 2
u • du —|— g ■ dh — g (S — ^ ) dx (19)
Substituting in Equation (19) expressions for u and du ob­
tained from Equation (17) we can now write,
I  ( +  g ' dh =  g (S — dx (20)
or, after simplifying and rearranging,
<*>
Let
q-2 — Q2g hn3 anc[ == 2 (22)
tin
where C is the coefficient in Chezy’s formula and hn is the neutral 
depth.
Equation (21) now takes the form,
dx =  ^  (1 +  y ) dz (23)
which integrates into the backwater function,
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_ h n Z  , , 1  C 2. rl  . z2 -I- z 4 -  1
X s  hn (rs  s  )[w loge ( z_  1)2
—  -4: COf1 22 + 1 ] 4- Cl 
V 3 V 3 
in which Ci is a constant of integration.
(b) The Roll W ave — Unsteady Flow
When a flood moves down a dry channel, the wave front moves 
in a steeply inclined wall of water whose profile is apparently un­
changing so long as the channel conditions remain fixed and the 
source of supply is constant. This kind of wave, which is called 
the roll wave, may be generated by the failure of a dam which sud­
denly releases the impounded water from its reservoir into a dry 
channel.
In this discussion it is assumed th a t the profile of the roll wave 
does not change its form and th a t the motion of the water approx­
imates th a t of a sliding solid body without relative motion be­
tween any of its parts.
Accordingly,
>U -  (25)bx 8t °
Asymptote h2=20ft.
Roll Wave
h2=20ft. S=.0004
Channel [bed
100 9 0 80 70 6 0  5 0  4 0  
x in Thousand Feet
F i g . 5 . T y p i c a l  P r o f i l e s  o f  R o l l  W a v e  a n d  R i s i n g  F l o o d  W ave
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and the Equation of Continuity (3) becomes
£  +  « j j j - °  (26) 
The Equation of Motion (9) may be simplified into the form,
|  =  (27)
Rearrange and write in differential notation with the under­
standing th a t t =  ti.
dh , K - u 2 -dh =
S +  S (S h —  K u 2) { ’
The integral of Equation (28) is 
h K u 2l  +  ^ P - i o g  ( K u 2 —  Sh) =  a ; + C i  (29)
Substituting from Chezy’s formula,
u =  C s / M  =  (30)
where h,2 is the depth a t the crest of the wave where the flow is 
substantially uniform, Equation (29) may now be written,
- |  +  ^ l o g S  ( J i 2 -  h) =  * + C i  (31)
Let x =  0 where h =  0. I t  follows th a t the constant of integra­
tion is,
Ci =  % log S tl2
and
S
x =  ±-[h +  h2 log (1 -  |-2)] (32)
A profile of the roll wave obtained from this equation is shown 
in Fig. 5 (a).
7. Sequence of Maximum Velocity, Discharge, and Stage3.—In 
this discussion as heretofore it  is assumed th a t the river channel is 
rectangular in cross-section, and th a t the width is large in com­
parison with the depth. I t  is assumed also th a t the flood rises 
gradually to a unique maximum and then recedes slowly to uni­
form flow a t neutral depth.
During the flood period the flow is unsteady, q varies with both 
x and t, and we can plot the discharge per unit width, q, a t  a given 
station, xi, as a function of time, t. In Fig. 6 (a), the curve O M N  
is the flood hydrograph for one station and O'M' N' is the hydro­
graph for the same flood a t another station. No water is added or
3In  the presen ta tion  of th is  section as fa r  as Equation  (36) substan tia l  use has been 
m ade of a study compiled by M. Kleitz , “ Note sur la theorie du movement non perm a­
n e n t  des liquides e t  sur application a la propagation des crues des riv ie res ,” A-nnales 
des Po-nts et Chaussees, 1877, 2 Semestre, pp. 133-196.
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F i g . 6 .  S k e t c h e s  o f  F l o o d  H y d r o g r Ap h s
withdrawn between the two stations. The ordinate of the line 
0 0 '  N  N'  represents the normal flow before and after the flood.
Subtract the area O'I NO', from the two equal areas OMNO  and 
O'M' N'O'. The areas OMIO'O and N 'N I M 'N '  are equal and 
either represents the maximum storage between the two stations 
for the given flood.
The curves in Fig. 6 (a) show hydrographs for two stations sep­
arated by a differential distance, dx.
Consider the discharge P tv observed when the flood is rising, 
and an equal discharge, Qtq, when the flood is receding. The time 
interval P P '  is less thanQQ', since for a given rate of discharge the 
mean velocity u is greater when the river is rising than when it is 
falling. Since the areas OPIP'O  and NQIQ' N  are equal, and since 
P P '  is less thanQQ', the point of intersection I  will fall to the right 
of the two maxima M  and M ' and simultaneous equal rates of dis­
charge a t the two stations occur after the peak rate has occurred 
a t both stations.
The discharge, q, a t  the time, U, is the same a t the two stations 
and a t this instant q does not change with x, or in symbols,
| - 0  (33)
Substituting Equation (33) in the Equation of Continuity (2), 
dJz
we obtain, — =  0 , which indicates th a t a t a given station the 
ot
flood has reached its maximum height. This maximum occurs a t 
the time ti which is later than the time of maximum flow, repre­
sented in the figure by tm.
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At a given station, differentiating the equation q — hu with re­
spect to the time, we obtain
where u and h are positive.
In Equation (34), if ^7 =  0, it is clear th a t both ^  and
ot ot ot
must be zero or they must be of opposite signs. But we have 
shown that the maximum flow a t a given station precedes the
du
maximum stage. When — =  0, the stage h is still increasing and
ot
therefore must be positive. Since ^ -is  negative, it follows that 
ot ot
the velocity is decreasing and th a t it has therefore already taken 
on its maximum value. Hence the maximum velocity precedes 
the maximum discharge.
Finally for the simple flood wave under consideration, the maxi­
ma occur in the order: (1) maximum average velocity; (2 ) maxi­
mum discharge; and (3) maximum stage.
Evidently the relation between stage and discharge is single 
valued only in the case of steady flow. During a flood the dis­
charge for a given gage height has two different values depending 
on whether the stage is rising or falling.
In some rivers it is often observed th a t the maximum stage of 
the flood remains almost stationary over a considerable period of 
time. In this case it  is apparent th a t the maximum values of q
and h occur simultaneously and ~  =  0 when ■ £ • =  0. Also from
ot ot
bnEquation (34) — =  0. I t  follows th a t the maxima of h, q, and u
ot
may be regarded as occurring simultaneously.
8 . Velocity of a Flood Wave.—There are a t least three interpre­
tations of the velocity of a flood wave:
(1) The velocity interpreted as the rate of movement of the 
discontinuities in the first derivative a t either the begin­
ning or the end point of the wave;
(2) The velocity as the rate of progression of the wave’s peak 
or maximum height;
(3) The velocity as the virtual movement of a constant flow or 
stage height. This interpretation will be considered in 
greater detail.
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(a) V irtual Velocity of a Constant Flow
The differential of q is
If q now be regarded as constant we may obtain from Equation
(35) a relation between x and t satisfying the condition dq — 0.
dxWe may solve for ^  and obtain a virtual velocity representing
the time rate of displacement of the cross-section a t which the 
discharge is the constant q.
Substituting Equation (2) into Equation (35) it  follows that,
J *  dx =  8X dt
St St
and the virtual velocity V  g of the section of constant flow is,
in which the last step was the substitution of Equation (34).
We note from Equation (36) th a t the speed of propagation, V  q, 
of a given flow, q, is greater than the mean speed, u, throughout 
the first period of the flood when both u and h are increasing and 
when their derivatives are therefore positive; V s becomes equal to 
the mean speed when the latter is a maximum, since a t this time,
7^ = 0 ; then ^  and ^  take on opposite signs, V q becomes small- 
ot ot ot
er than the mean speed and approaches zero when q is a maximum, 
where ~  =  0. T hat V « is here zero, simply indicates th a t the
ot
maximum flow then produced does not have its equivalent farther 
downstream. During the period between the maximum flow and 
the maximum height, Vq is negative. A t the time of maximum
8h
stage, when —■ =  0 , V ? is mathematically discontinuous and
ot
changes sign by passing through infinity. Physically this means 
simply th a t for an instant the same flow occurs a t two transverse 
sections situated very near to each other.
(36)
(b) V irtual Velocity of the Maximum Flow 
If q is a function of x and t, it follows th a t — will in general
also be a function of x and t, as expressed by,
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The flow is a maximum when cj> (x, t) =  0. Differentiating:
4 ^  dx - f  dt =* 0 (38)8x 1 8t _ v '
The virtual velocity of the maximum flow is
8$ 82q S^ q
__d x __  8 t _ 8t2 __ 8t2 /om
Vm ~  dt 8± 82q 8% ( }
8x 8 t . 8x 8t2 
since from the Equation of Continuity,
8 q_ 8h
8x 8t
The speed expressed by Equation (39) differs essentially from the 
speed of propagation of an assumed flow as given by Equation
(36). In the former we consider successively the same rate of flow 
a t different sections, while in the latter we consider a t each section 
only the maximum rate of flow which may not be the same a t all 
stations along the stream.
(c) Wave W ith Constant Velocity
Assuming the virtual velocity V  <? is constant and equal to V  e 
for any value of x,
%  dt
Vc =  =  §  (40)dh , dh
w
and replacing the differentials by finite differences
=  (41)
hi — hi A 2 — A  i
where A i  and A i  represent the areas of the transverse sections a t 
normal and the highest stage, and where Qi and Q2 represent the 
corresponding flows.
(d) Wave with Small Amplitude
The velocity of a small flood wave may be obtained from Equa­
tion (40), by substituting q =  hu as follows:
h du 4-  u dh , , du
v -“ — I — “ “ + * *  <42)
The river is assumed to be in an initial state of uniform flow with 
discharge qi and stage hi. The discharge is then increased by a 
small amount which causes a correspondingly small increase in 
stage height.
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Assuming the velocity u varies as the square root of the depth 
of flow, h, as given by the Chezy formula, it can be shown that
where u and h may to a first approximation be replaced by ui and 
hi determined from low stage. Hence, it would appear th a t the 
velocity for a small wave is considerably greater than the mean 
velocity.
The velocity Vq for the roll wave may be obtained very simply 
from Kleitz’s Equation (36) where u =  K  and 7^ = 0 . I t  fol-Ol
lows th a t V  q is equivalent to the mean channel velocity, a result 
that might easily have been anticipated.
9. Russell’s Solitary Wave of Translation.—The velocity of Rus­
sell’s solitary wave of translation5 corresponds closely to the ve­
locity of the flood wave near its genesis. Concerning his wave Mr. 
Russell wrote as follows:
“I  believe I shall best introduce this phenomenon by describing the cir­
cumstances of my own first acquaintance w ith it. I was observing the 
motion of a boat which was rapidly draw n along a narrow  channel by a 
pair of horses, when the boat suddenly stopped — not so the mass of w ater 
in the channel which it had put in motion; it accumulated around the prow 
of the vessel in a state of violent agitation, then suddenly leaving it be­
hind, rolled forward w ith great velocity, assuming the form of a large 
solitary elevation, a rounded, smooth, and well defined heap of water, 
which continued its course along the channel apparently w ithout change of 
form or diminution of speed.”8
Russell’s wave of translation is positive, consisting wholly of 
an elevation without the association of any trough or depression 
whatever. I t  lies entirely above the normal water surface and 
progresses smoothly and quietly without turbulence a t any place 
along its profile.
The solitary wave of translation may be generated experiment­
ally by quickly pouring water in one end of a rectangular trough
-------------- 2
^Assuming M a rn in g ’s formula, in which u varies  as ¿?3, th e  wave velocity  -u .
This phase has  also been tre a te d  by  P h i l i p  F o r c h h e i m e r , H ydrau lik ,  T h ird  Edition, 
p. 298 (1930).
5Discovered by J. Scott Russell in 1834.
®Russell, J .  Scott, “ Report on W aves ,”  Report of the  B rit ish  Association for the  
Advancem ent of Science, pp. 311-390, 1844.
U
2 (43)
and
u 3 (44)4
(e) The Roll Wave
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containing some quiescent water, by dropping into the water a 
weight built so as to fit snugly into the flume, or by other means. 
The water, displaced from under the weight, forms a wave which 
moves rapidly away.
Mr. Russell found on the basis of experiments th a t the velocity, 
V, of the solitary wave of translation, could be computed by the 
formula,
V  =  \ /  gh,2 (45)
in which
g =  acceleration of gravity
h,2 =  height of wave crest above bottom  of channel.
C
F i g . 7. T h e  S o l it a r y  W a v e  o f  T r a n s l a t i o n  (A f t e r  R u s s e l l )
The solitary wave of translation derives its name from the hori­
zontal translatory motion of the water below the normal water 
level and not because of the motion of the visible wave on the sur­
face. Fig. 7, adapted from drawings in Mr. Russell’s report, will 
serve to illustrate the action of this wave. Fig. 7 (a) represents 
the wave just after its genesis by lowering a weight into one end 
of the flume. Fig. 7 (b) illustrates the crowding or squeezing of 
the elements ab, cd, etc., situated below the plane of repose. As 
the wave proceeds these elements rise into thinner columns and 
then fall as the wave passes, always changing in such a manner as 
to retain an approximately constant volume. Fig. 7 (c) shows the 
actual paths, ab, cd, etc., of the water elements during the wave’s 
passage, which results in a constant horizontal displacement of 
each element.
Russell found th a t the highest wave which could be formed was 
one whose height above the normal water surface was equal to the
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normal depth hi, and th a t any additional height imposed w uld 
invariably result in a breaking up of the profile of the wave.
Bazin’s experiments’? on the propagation of Russell’s wave of 
translation in a canal containing flowing water demonstrated th a t 
the velocity of the peak of the wave was closely represented by 
the formula,
V  ~  \/gh 2 ±  u (46)
where u represents the velocity of the water in the canal. The 
plus sign is to be used when the wave travels with the current and 
the minus sign when it travels against the current.
10. The Monoclinal Wave.—The profile of the rising or mono- 
clinal flood wave moving with a constant velocity can be deter­
mined as follows if the maximum stage is assumed to be fixed over 
a considerable period of time.
Replacing the lower limits of integration of Equation (41) by 
general values q, h, corresponding to any position along the wave 
front,
q i — q h im  — hu 
v - = k = h =  i « - h  (47)
from which,
hz
u =  y c — ~  (Vc — ui) (48)
But from Chezy’s formula,
U2 2 =  C 2hiS and u \2 =  C 2hiS (49)
or, substantially,
o/i 2
hi =  —„ hi (50)112
since the two values of C will be nearly the same. Hence, from 
Equation (47),
3
T/ _ h2U2 — Ul3 h2/U22 _ (1 --- y 1*) U2 Tr .
V C ------------- j---------7-------------------------q--------------------- K.1U2 (51  )
ft2 —  hi 1 —  y  i '
where
_h i __ m i 2
hi U22
The mean velocity, u, may now be expressed,
u = V c  —  ~ ( V c —  u2) =  [R 1 — ( R 1 — 1) ~ ]  U2 (52) 
The wave under consideration is long, and it is evident th a t the
7Bazin, H., Experim ents on the  Solitary W ave in R unn ing  W ater ,  Comptes Rendus 
des Seance de l ’Academie des Sciences, IS, J u in  1885, Tome C, p. 1492.
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mean velocity, u, will change very slowly with respect to both the 
time, t, and the abscissa, x. We may regard the expression,
du 5u i /ro\
! t = u + n Tx (53)
as representing a negligibly small quantity. Hence the equation 
of motion for a simple flood wave (Equation 15) becomes
=  (54)
5x h
Substituting Equation (52) into Equation (54)
But,
~ — S — r ~ [ K i  — — 1) r^]2M22 (55)bx h h
Then,
K  =  ~  (56)C 2 U 2 2
~  =  S - ~  [ Ki  —  ( K i  —  1) ^ ] 2 (57)
To arrange for integration, let t =  ii, and use differentials
______________ dh______________
dx =  p f, hi s jr k 2 (58)
^ i .1 jf- [ K i  —  ( K i  1) jj-\2 
If h =  hiz it can be shown th a t
dx =  4 - ^ 2 ^2 - 2 g 1 ( g i - l ) Z +  ( g 1 - l ) n
S i  1 (2 — 1) [z2 —  ( K i  —  l ) z +  (Ki  — 1)2]J 1 j
This equation, integrated after expanding into partial fractions, 
becomes the following equation of the profile of the wave
x
 +  Ci =  ~ \ z  4- -—Vft"rlog ^ — ^
+  ( K i - l ) 2]
(Ki  —  l ) 2 [ (2Ki  +  1) (Ki  +  1) — 4
2 (3 — 2 K i ) v ' ( K i  +  1) 2
. 2 g — ( K i 2— 1) — (Ki  — l ) y / ( ^ i  +  l ) 2 — 4
° g 22 — ( K i 2— 1 ) ' +  ( Ki  — l ) \ / ( i i i  +  1) 2 — 4
(60)
8For ano ther method of developing Equation  (60), see “ Prediction  of Floods,”  by 
P. Y. Lin, M as te r’s thesis  in  M echanics and  H ydraulics, S ta te  U n ive rs ity  of Iowa, 1925.
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in which
z =  h /h i
hi —  the depth a t high stage 
h =  the depth a t any point along the wave front 
K l  =  V  c/U2
U2 =  the mean velocity of a section at high stage, and
V  c =  the virtual velocity of a constant flow moving at a con­
stan t rate.
The constant of integration, Ci is determined from the condition 
th a t x =  0 when h —  ^  ^ .
The profile of this wave, plotted from Equation (60), is shown 
in Fig. 5(6).
III. H y d r a u l i c  La b o r a t o r y  T e s t s
11. Laboratory Observations of Wave Velocities.—The purpose of 
the author’s experiments was to determine the maximum velocity 
of a flood wave just after it is formed and before it becomes stable.
The apparatus consisted of a rectangular wood flume 52 ft. 
long, 8-1 /16 in. wide, and 19 in. deep. The upper end of the flume 
projected into a rectangular tank 7 ft. 3 in. long, 3 ft. 8-1 /2 in. 
wide, and 3 ft. 2 in. deep which was divided into two compart­
ments by 3/4 in. by 1-3/4 in. wooden baffles placed vertically a t 
1-1/4 in. centers. The upper compartment served as a stilling 
chamber which received its water supply from a 6 in. pipe, while 
the lower compartment was a forebay to the flume.
The tank and flume were supported on jacks which could be 
adjusted to change the gradient of the flume.
An enameled metal gage graduated to hundredths of a foot 
with its zero a t the bottom  of the tank was attached to the side 
of the forebay and was used to measure the stage of the water just 
back of a sliding headgate across the upper end of the flume. Sim­
ilar gages were placed in the flume a t 10 ft. intervals a t stations 
designated by 0 ,1 , 2, 3, 4. Station 0 was 6 ft. 9 in. from the head­
gate, and station 4 was 5 ft. 1 in. from the outfall.
The headgate was arranged so it could be opened quickly by 
pulling a rope which was attached to the top of the gate. Guided 
by vertical wooden cleats, the gate could be moved up or down in 
small increments.
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W ater used in the tests was drawn from the laboratory’s circu­
lating system under a constant head of about 40 ft. and was regu­
lated manually by a 6-in. gate valve. The gate valve was cali­
brated before each experiment by use of a venturi meter placed in 
the supply line which was read by a mercury gage.
The services of five men were necessary to produce and observe 
a flood wave. During a test these men occupied positions as fol­
lows: one observer a t station 0 ; one observer a t station 4; one 
operator for the gate valve in supply pipe; one assistant to read 
the gage in the forebay and to regulate the sliding gate when nec­
essary; and one timekeeper who also read the mercury gage of 
the venturi meter.
The observer a t station 0 read gage heights before and after 
passage of the wave. He signaled the timekeeper the instant the 
toe of the flood wave reached his station, indicating the beginning 
of the time interval for the wave to traverse the 40-ft. reach. The 
observer a t  station 4 signaled the timekeeper as the toe of the 
wave passed his station, closing the time interval for the wave 
travel. The observer a t station 4 also read gage heights which 
were used as checks mainly, since stages a t this station were af­
fected appreciably by the drop-down curve.
At the beginning of a test the depth, hi, was read a t station 0 
and a t station 4 for a steady initial flow, qi, indicated by the ven­
turi meter. Next the gate valve was slowly opened further until 
the venturi meter indicated th a t a suitable increment of flow, Aq 
had been added. The setting of the valve was noted and after 
the flow became steady the staff gages in the forebay and a t sta­
tions 0 and 4 were read. The latter reading of stage a t station 0 
was taken as the flood height and designated as hi.
The head-gate, which up to this time had been entirely open, 
was then placed across the upper end of the flume to form a sub­
merged orifice control. The gate valve was opened intermediate 
to its first and second positions, previously determined, and the 
flow into the forebay was somewhat greater than th a t necessary to 
produce in the flume a normal stage, hi. As the forebay filled due 
to the excess inflow over outflow, the headgate was adjusted to 
maintain constantly a t station 0 the normal stage, hi. When the 
stage in the forebay reached the height previously recorded cor­
responding to flood stage hi, the headgate was quickly raised and 
simultaneously the gate valve in the supply line was opened to
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the second position corresponding to flood stage supply. The 
wave moved forward with rapidly changing profile and the veloc­
ity  of its toe was determined by observing the elapsed time in 
traversing a 40-foot reach as previously described.
After the wave had passed and the flow had become steady, the 
stage a t station 0 was read and checked with the recorded flood 
height hi.
The wave was quite smooth excepting at its toe where foaming 
occurred on the breaker. The slope of the wave a t its toe was 
nearly vertical. When the wave reached station 4, however, its 
height was small, varying perhaps from one inch for the smaller 
waves to a maximum of three inches for the largest waves gener­
ated. The turbulent region was less pronounced as the wave 
progressed.
The slope of the wave, which was nearly vertical a t the head- 
gate, quickly flattened as it moved along the flume. At station 4 
the slope was still changing appreciably and had not yet reached 
a condition of equilibrium. The profile of the wave was convex 
upwards in every instance.
The tests included variations of flow from 100 to 1200 gallons 
per minute, flood wave increments of 300 to 1100 gallons per min­
ute, and having velocities from 5.9 to 10.5 feet per second. The 
slope of the test flume in Series A and B was .35 per cent, in Series 
C, 1.0 per cent, in Series D, 0.0 per cent, and in Series E, 3.0 per 
cent.
The laboratory data are summarized in Table 1 and observed 
wave velocities are compared with velocities computed by Bazin’s 
formula
v =  \ZW^ «1 (61)
in which
V  =  velocity of wave, ft. per sec. 
mi =  velocity of initial flow, ft. per sec. 
h2 =  depth of flow a t wave crest, ft. 
g =  acceleration of gravity, ft. per sec. 2 
Although the observed and computed velocities are in close agree­
ment especially when the flume was set a t  the flatter gradients, 
it should be observed th a t the laboratory waves differ from Rus­
sell’s wave in several important points:
1. The laboratory wave is a half positive wave with a fixed 
maximum stage hi, while Russell’s wave is a complete positive 
wave whose maximum stage is slowly attenuating.
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T a b l e  1. S u m m a r y  o f  T e s t  D a t a . W a v e  V e l o c i t i e s  i n  L a b o r a t o r y  C h a n n e l
8-1/16 i n . W id e
T est
No.
h i
f t .
U1
fps
<11
gpm
*2
gpm
Aq a
i2 -q i
h2
f t .
v o
fp s
V*
fp s
T est
No.
h l  U1 91 
f t .  f p s  gpm
32
gpm
Aq a
q 2 -q i
h2
f t .
Vo
fps
V*
fp s
1 .11 3.02 100 875 775 .60 7.14 7.42 1 .11  3 .0 2  100 650 550 .42 7.14 6.70
2 .12 2.76 100 875 775 .65 7.14 7.33 2 .10  3 .3 2  100 640 540 .42 7.68 7.00
3 .11 3.02 100 875 775 .71 7.14 7.80 3 .16  4 .1 3  200 700 500 .44 8.00 7.89
4 .12 2.76 100 12001 11001 .81 8.68 7.86 4* 4 .16  4 .1 3  200 705 505 .43 8.34 7.85
5 .13 2.55 100 12001 11001 .78 8.68 7.56 8 5 .20  4 .9 9  300 810 510 .49 8.68 8 .97
1 6.14 2 .37 100 1200Î 11001 .79 8.34 7.41 ? 6 .20  4 .9 9  300 800 500 .47 9.10 8 .883 7 .11 3 .02 100 600 500 .44 6.45 6.78 o  7 .24  5 .1 3  370 875 505 .51 9.50 9.18£ 8 .11 2.48 105 600 495 .44 7.14 6.24 a 8 .24  5 .19  375 875 500 .50 9.50 9.21O 9 .18 3.68 200 700 500 .51 7.68 7.74 o 9 .10 3 .32  100 875 775 .51 ■8.34 7.37
■p  10 fl .19 9.48 200 700 500 .50 7.68 7.49 u 10 .11  3 .02  100 875 775 .51 9 .10 7.07
1 11 .22 4 .52 300 800 500 .55 8.34 8.73 T11 .10  3 .32  100 415 315 .33 7.14 6.588.12 .22 4 .5 2 300 800 500 .56 8.00 8.77 ® 12 .10  3 .32  100 425 325 .32 7.14 6.53
« 13 .25 5.12 385 885 500 .60 9.10 9.51 Z  13 .1 6  4 .1 3  200 485 285 .32 7.68 7.34
W 14 .28 4 .5 7 385 885 500 .74 8.68 9.45 o  14 .1 6  4 .1 3  200 430 230 .35 3 .00 7.49
o  15 .45 4 .31 585 885 500 .67 8.34 8.96 s 15 .21  4 .7 4  300 625 325 .40 3.68 8.33
f  16 .45 4 .12 585 885 500 .68 8.00 8.80 © 16 .21 4 .74  300 625 325 .39 8.34 8.28
1 17 .42 3 .97 500 800 300 .58 8.00 8.29 ”  17 .28  4 .6 8  395 695 300 .44 9.10 8.44
< 18 .44 3 .92 500 800 300 .58 8.00 8.24 18 .28 4 .6 8  395 695 300 .44 9.10 8.44
« 19 .37 3.60 400 700 300 .58 7.41 7.92 19 .31  5 .25  490 795 305 .49 8.68 9.23® 20 .38 3.48 400 700 300 .62 7.14 7.95 20 .31  5.31  495 790 295 .48 9.10 9.24
® 21 .29 3.43 300 600 300 .47 7.14 7.32 T est h i  u l  q i q2 Aq = h2 Vo V»
22 .32 2.79 300 600 300 .52 7.41 6.88 No. f t .  fp s  gpm gpm q 2 -q i f t . fp s fp s
23 .24 2.77 200 500 300 .43 6.90 6.49
24 .24 2.77 200 500 300 .44 6.67 6.53 3  1 .08  4 .14  100 610 510 .35 9.50 7.5025 .14 2.37 100 400 300 .39 6.06 5.91 S 2 .08  4 .1 4  100 615 505 .33 9.50 7.40
26 .14 2.37 100 400 300 .38 5.88 5.87 1  3 .11  6.04  200 70S 505 .41 .10 .50 9 .67u 4 .11  6.04  200 710 510 .41 10.50 9 .67
° c 10.00 8.545 .0 / 4.73 lOO BOO 700 .45
T est h i u l q i q2 Aq a h2 Vo V» to
' No. f t . fps £pm gpm q?-qi f t . fps fp s •« 6 .0 7  4 .7 3  100 795 695 .45 10.00 8.54« 7
.0 8  4 .1 4  100 430 330 .27 8.34 7.09
1 .27 1.23 100 605 505 .71 6.67 6.02 © 8 .0 7  4 .73  100 430 330 .27 8.00 7 .68
2 .27 1.23 100 610 510 .67 6.45 5.87 t  9 .1 2  5 .53  200 525 325 .31 9.50 8.69
-p 3 .41 1.62 200 710 510 .81 7.14 6.74 <z> 10 .1 3  5 .11  200 525 325 .29 10.00 8 .17
« 4 .41 1.62 200 715 515 .83 7.14 6.79
t3 5 .46 2 .16 300 790 490 .87 7.41 7.45
u L is t o f  Symbols
°  6 .23 1.45 100 790 690 .83 7.68 6 ..62H rj© 7 .27 1.23 100 425 325 .59 6.06 5 .59 hl  » i n i t i a l  d e p th  o f  flo w , f t .© 8 .23 1.45 100 425 325 .59 6.06 5.81 U1 " i n i t i a l  average v e lo c i ty , f t . p e r  s e c .
J  9 .39 1.70 200 510 310 .67 7.14 5.88 q i  • i n i t i a l  d isc h a rg e . gpm.S io .39 1.70 200 510 310 .67 6.90 5.88 q2 » f i n a l  d isc h a rg e ,  gpm
w Aq a q2 - qi - increm ent o f  d isc h a rg e , gpm.® 11 .49 2.03 300 615 315 .73 8.00 6.88 ho a f i n a l  d ep th  o f  flo w f t .
« 12 .49 2.03 300 620 320 .75 7.68 6.95
"
observed  wave v e lo c i ty ,  f t .  p e r .s e c
M 13 .53 2.44 395 720 325 .81 7.41 7.54 v' a
-  V eh2 wave v e lo c i ty  computed by
14 .59 2.23 395 720 325 .83 8.00 7.40 B a z in 's  fo rm u la . f t .  p e r  s e c .
2. The profile of the laboratory wave near its genesis rapidly 
becomes flatter as it  moves down the flume, while Russell’s wave 
changes little in a prismatic channel.
3. The observed velocity of the laboratory wave was the aver­
age velocity of the toe of the wave as it traversed a 40-foot reach 
in the flume, while the velocity of Russell’s wave computed by 
the same formula
y - v /g f e  +  ux  (62)
is the velocity of the crest of a translatory wave.
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4. The laboratory wave near its genesis is everywhere convex 
upwards and there is usually a small turbulent region a t its toe, 
while Russell’s wave has two points of inflection and no trace of 
turbulence anywhere.
5. Usually the heights of the laboratory waves, hi — hi, ex­
ceeded the normal stage, hi, sometimes in ratio greater than five 
to one. In Russell’s theory and experiments the maximum height 
of wave considered was just equivalent to the normal stage, hi.
Although the laboratory waves cannot be classified as Russell’s 
wave of translation projected on flowing water, there is a striking 
agreement between the velocities of these two types of waves.
IV. Co n c l u s io n s
1. The profile of the roll wave in equilibrium may be obtained 
in terms of elementary functions from the general hydrodynamic 
equations of a simple flood wave.
2. The profile of the monoclinal or rising flood wave in equi­
librium may be obtained in terms of elementary functions from 
the general hydrodynamic equations of a simple flood wave.
3. The velocity of the monoclinal or rising flood wave in equi­
librium, may be obtained from Kleitz’s equation for the velocity 
of a constant flow.
4. The theoretical minimum velocity of a flood wave is obtained 
as the velocity of a wave of small height. I t  is apparently greater 
than the mean velocity of the channel in normal flow.
5. The maximum velocity of waves observed in the laboratory 
experiments agreed with the velocity of a wave of translation com­
puted by Bazin’s modification of Russell’s formula.
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